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Abstract

Trautman has constructed natural self-dual connections on the Hopf bundles over complex
and quaternionic projective spacesCPn andHPn; the associated connections areSU(n + 1) and
Sp(n + 1) invariant. Trautman wondered if these connections could be generalized to the case of
the corresponding projective spaces defined by indefinite metrics. In this note, we extend the work
of Trautman in two different directions. We first define self-dual connections on the Hopf bundles
over the projective spacesCP (p,q) andHP (p,q) which areU(p, q + 1) andSp(p, q + 1) invariant.
We also define self-dual connections over the Hopf bundles associated with the para-complex and
para-quarternionic projective spacesC̃P (p,q) andH̃P (p,q). Finally, the topology of these projective
spaces is investigated. © 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Let G be a compact simple Lie group. We useG as the gauge group in Yang–Mills
theory. LetF be the field strength (curvature) of a connectionA on a principleG bundle.
The Yang–Mills field equation takes the form D∗F = 0. If the underlying manifold of the
theory is an oriented four-dimensional manifold, then we let∗ be the associated Hodge
operator. We say that the field strengthF is self-dual or anti-self dual if∗F = ±F . If
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F is self or anti-self dual, then the Bianchi identity DF = 0 implies that the Yang–Mills
equation is satisfied.

In this paper, we generalize solutions of Yang–Mills equations, which were given by
Trautman [5], to the case of some interesting non-compact Lie groups. Here is a brief
outline to this paper. In Section 2, we shall discuss the properties of the Clifford alge-
brasC(1,0), C(0,1), C(2,0) andC(0,2) and the corresponding projective spaces which
they define. In Section 3, we shall define the generalized Hopf fiberings. We shall com-
pute the homotopy groups of the associated projective spaces and in some cases, we
shall find the corresponding homotopy equivalence. In Section 4, we shall define self-dual
connections on the generalized Hopf fiberings which areUF(p, q + 1) or SpF(p, q +
1) invariant. We conclude in Section 5 by giving local representations of these
connections.

2. The Clifford algebras and the projective spaces

We shall study the projective spaces which are defined not only by the complex numbers
C and by the quaternionsH, but which, more generally, are defined by certain Clifford
algebras. LetR(p,q) be Euclidean space with an inner productη of signature(p, q), i.e.,
there exists a basisv1, . . . , vp+q of R

(p,q), such that(vi, vj) = 0 for i �= j, (vi, vi) = −1
for i = 1, . . . , p, and (vi, vi) = +1 for i = p + 1, . . . , p + q. The Clifford algebra
C(p, q) is the universal unital real algebra which is generated byR

(p,q) subject to the
relations

v ∗ w + w ∗ v = 2η(v,w), v,w ∈ R
(p,q).

We note that

C(1,0) = C and C(2,0) = H

are the algebras of the complex numbers and of the quaternions, respectively. The algebras

C(0,1) = C̃ and C(1,1) = C(1,2) = H̃

are the algebras of the para-complex and of the para-quaternionic numbers. We can use the
algebrasR, C, H, C̃, andH̃ to define projective spacesRP (p,q), CP (p,q) andHP (p,q) (see
[3,6]) andC̃P (p,q) andH̃P (p,q), respectively (see [1,2] for̃CP (0,q) andH̃P (0,q)).

We shall now review the important properties of the algebrasC̃ andH̃ and define the
associated projective spacesC̃P (p,q) andH̃P (p,q). The real Clifford algebrãC := C(0,1)
of para-complex numbers is generated by 1 and by a generator i which satisfies the relation
i2 = 1. Thus

(a + ib)(c + id) = (ac+ bd)+ i(ad+ bc).

Let f = x + iy ∈ C̃. As in the case of complex numbers, we define

f̄ = x − iy, Rf = x, Jf = iy and |f |2 = f f̄ = x2 − y2.
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Note that|f |2 can be non-negative or zero — there are isotropic elementsf �= 0 ∈ C̃, such
that |f |2 = 0. Similarly, letH̃ := C(1,1) = C(0,2) be the para-quaternions. The algebra
H is generated by 1, i, j, k subject to the relations

−i2 = 1 = j2 = k2 and ij = k = −ji .

If f = x + iy + jz+ kw, then we define

f̄ := x − iy − jz− kw, Rf := x, Jf := iy + jz+ kw, |f |2 := f f̄ .
Let F ∈ {C,H, C̃, H̃} be one of these four algebras. To have a common notation, we set

i2 = −ε1, j2 = −ε2, k2 = −ε3,
where

ε1 = 1 if F = C, ε1 = −1 if F = C̃,

ε1 = ε2 = ε3 = 1 if F = H, ε1 = 1, ε2 = ε3 = −1 if F = H̃.

We say that a vector is space-like if|v|2 > 0. Since|fh|2 = |f |2|h|2 for all of these
algebras, the set of unit spacelike vectors inF forms a group under multiplication; letF1
be the connected component of the identity in this group. LetS(p,q) be the pseudosphere
of unit spacelike vectors inR(p,q). Let Sn be the unit sphere inRn+1. We then have

C1 = U(1) = Spin(2) = S1, H1 = Spin(3) = SU(2) = S3,

C̃1 = {x + iy ∈ C̄ : x2 − y2 = 1,+y0} = Spin(0,1)0,

H̃1 = {x + iy + jz+ kw ∈ H̄ : x2 + y2 − z2 − w2 = 1} = S(2,1) = SU(1,1)

= Spin(1,2).

Let n = p + q. Let x = (x1, . . . , xn+1) andy = (y1, . . . , yn+1) be elements ofFn+1.
Let d := dimRF. We define a pseudo-Riemannian metricg = g(p,q+1) onF

n+1 by

g(p,q+1)(x, y) := R(−x1ȳ1 − · · · − xpȳp + · · · + xn+1ȳn+1),

signature(g(p,q+1)) = (dp, d(q + 1)) if F ∈ {C,H},
signature(g(p,q+1)) = (1

2d(n+ 1), 1
2d(n+ 1)) if F ∈ {C̃, H̃}.

Let F
(p,q+1) := (Fn+1, gp,q+1). If F ∈ {C,H}, then we letFP (p,q) be the set of space-

like lines inF
(p,q+1), whereF acts by scalar multiplication from the right. However, it is

necessary to be a bit more careful ifF ∈ {C̃, H̃}. Let F
+ := {f ∈ F : |f |2 > 0} be the

group of spacelike elements ofF and letF+
0 be the connected component of the identity;

F1 = {f ∈ F
+
0 : |f |2 = 1}. We sayx ∈ F

(p,q+1) is spacelike ifg(x, x) > 0. We say that
two spacelike vectorsx andy are equivalent if there existsf ∈ F

+
0 , so thatxf = y. Let [x]

denotes the equivalence class defined byx and letFP (p,q) be the set of these equivalence
classes. The projective spaces

{CP (p,q), HP (p,q), C̃P (p,q), H̃P (p,q)}
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inherit natural differentiable structures and pseudo-Riemannian metrics of signatures
(2p,2q), (4p,4q), (n, n), and (2n,2n), respectively. Notice thatCP (0,q) = CPq and
HP (0,q) = HPq are the standard complex and quaternionic projective spaces, respectively.
The spacesCP (2p,2q) andHP (4p,4q) were studied by Wolf [6]. In the positive definite set-
ting, the projective spaces defined by Clifford algebrasC(0,1) = C̃ andC(0,2) = H̃ were
considered in [1] and their sectional curvatures were determined.

3. The generalized Hopf fiberings

Let S = S(F(p,q+1)) be the pseudosphere of unit space-like vectors

S(F(p,q+1)) := {v ∈ F
(p,q+1) : 〈v, v〉 = 1}.

The map

π : S(F(p,q+1))→ FP (p,q), π(x) = [x]

defines a principal bundle with structure groupF1 over the projective spaceFP (p,q)

Total spaceS is the unit pseudosphereS(dp,d(q+1)−1) of the signature(dp, d(q + 1)− 1)
which is diffeomorphic to

Rdp × Sd(q+1)−1 ≈ F
p × Sd(q+1)−1.

Let us study the homotopy groups of the projective spacesFP (p,q). Because of the gener-
alized Hopf fibration,

F1 → S → FP (p,q),

we have followed the long exact sequence of the corresponding homotopy groups

· · · → πm(F1)→ πm(S)→ πm(FP
(p,q))→ πm−1(F1)→ · · · .

Hence, the homotopy groups ofFP (p,q) are

πm(CP
(p,q)) = πm(CPq), πm(HP

(p,q)) = πm(HPq),
πm(C̃P

(p,q)) = πm(S2q+1), πm(H̃P
(p,q)) = πm(CP 2q+1)

for all m ∈ N. We are going to show that in the first two cases, there exist homotopy
equivalenceCP (p,q) � CPq andHP (p,q) � HPq . Denote byF complex numbers or
quaternions. The mapping

(x1, . . . , xn+1) �→ (x1, . . . , xp, xp+1λ, . . . , xp+q+1λ),

λ = (1 + |x1|2 + · · · + |xp|2)1/2

is a diffeomorphism of pseudosphereS andF
p × Sd(q+1)−1. The mappings

f : FP (p,q) → FPq, g : FPq → FP (p,q)
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defined by

f ([(x1, . . . , xn+1)]) := [(xp+1λ, . . . , xp+q+1λ)]

and

g([(x1, . . . , xq+1)]) := [(0, . . . ,0, x1, . . . , xq+1)]

are well defined and continuous. Moreover, there are homotopies

f ◦ g � IdFP (p,q) , g ◦ f � IdFPq

and hence spacesFP (p,q) andFPq are homotopically equivalent in the case of the complex
numbers and the quaternions. At the moment, we do not know if there is a similar homotopy
equivalence in the case of the Clifford algebrasC̃ andH̃.

4. Self-dual connections

In this section, we shall construct a natural connection on the generalized Hopf fiberings
and prove that this connection is self-dual. The Lie algebraF of the groupF1 is algebra of
imaginary numbers ofF. Let σ be the map fromF onto corresponding fundamental field
tangent toS; the value atx = (x1, . . . , xn+1) ∈ S is given by

σ(X)(x) = (x1X, . . . , xn+1X), X ∈ F .
We follow the discussion in [4]. In order to define the connection on generalized Hopf
bundle, we must find anF-valued one formω on the total spaceS which satisfies the
following conditions:

1. ω(σ(X)) = X, x ∈ F .
2. ω(Rf ∗(Y )) = Ad(f−1)ω(Y ), f ∈ F1, Y ∈ TS.

We consider the following differential form given at a pointx = (x1, . . . , xn+1) by

ω(x1, . . . , xn+1) := −x̄1 dx1 − · · · − x̄p dxp + · · · + x̄n+1 dxn+1 = x̄ dx.

This differential form defines a connection on the total spaceS which isUF(p, q + 1) or
SpF(p, q + 1) invariant. ByUF(p, q + 1) (respectivelySpF(p, q + 1)), we have denoted
the subgroups ofGld(n+1)(R) of the endomorphisms which commute with the right action
of F ∈ {C, C̃} (respectivelyF ∈ {H, H̃}) onR

d(n+1) = F
n+1, and which preserve the scalar

productg(p,q+1).
Let D be the covariant derivative defined by the connectionω and letϕ be a horizontal

form. We then have

Dϕ = dϕ + ω ∧ ϕ.
Consequently, the curvature two formΩ of this connection is given by

Ω = Dω = dω + ω ∧ ω. (1)
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Furthermore, we have the Bianchi identity DΩ = 0. Lets : FP (p,q) → S be a section to
the generalized Hopf bundle. Letωs = s∗ω,Ωs := s∗Ω, and Dsϕ = ωs∧ϕ be the pull-back
of the connection 1-form, the curvature 2-form, and the covariant derivative, respectively.

The main result of the paper is the following.

Theorem 4.1. The curvature formΩs is source-free, i.e., satisfiesD∗
sΩs = 0 for every

section s. The connectionω isUF(p, q + 1) or SpF(p, q + 1) invariant.

Proof. The vertical subspaces of the tangent spaceTxS for x ∈ S are generated by the
vectorsxi, xj, xk; these spaces do not depend on the particular connection which is chosen.
We use the connectionω to induce a splittingTS= TSh ⊕ TSv of tangent bundle of total
spaceS into horizontal and vertical part. We now show that the horizontal partXh of any
X ∈ TxS is given by

Xh := X + x(X̄x).
In fact, we have

ω(x)(X) = x̄(X + x(X̄x)) = x̄X + X̄x = 2g(x,X) = 0,

sinceX ∈ TxS. EveryXh ∈ TxS is the horizontal lift of some vectoru ∈ T[x]FP
(p,q),

which is given byu = π∗(Xh) = π∗(X).
Notice that for anyX, Y ∈ TxS, we have

X̄hYh = X̄Y + ω(x)(X)ω(x)(Y ).
Now, using definition given above, we obtain the following expression for the curvature
formΩ

Ω(X, Y ) = X̄hYh − ȲhXh = 2J(X̄hYh), X, Y ∈ TxS.
LetXh, Yh ∈ TxS be any horizontal lifts ofu andv. Let g̃ andF be the induced metric and
the curvature form on projective space

g̃(u, v) := g(Xh, Yh) = R(X̄hYh), u, v ∈ T[x]FP
n,

F (u, v) := Ωs(Xh, Yh) = Ωs(X, Y ), u, v ∈ T[x]FP
n.

These definitions depend on the sections chosen.
We define fundamental forms onFPn by

h1(u, v) := g̃(u, vi), h2(u, v) := g̃(u, vj),
h3(u, v) := g̃(u, vk), u, v ∈ T FPn.

The tangent vectorsvi, vj, vk onFPn are locally well defined by

vi := π∗(Y i), vj := π∗(Y j), vk := π∗(Yk),

where tangent vectorsv andY are related as above. The curvature formΩ can be written
in the form

F = 2ε1h1i
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in the case of the complex and para-complex numbers and in the form

F = 2(ε1h1i + ε2h2j + ε3h3k)

in the case of the quaternions and para-quaternions. Notice that in the latter case, we have
the real form

F ∧ F = 4(ε1h1 ∧ h1 + ε2h2 ∧ h2 + ε3h3 ∧ h3),

which does not depend on the sections. In the case of the complex and para-complex
numbers, the 2n-form F ∧ · · · ∧ F (n factors) and similarly, in the quaternionic and
para-quaternionic case, the 4n-form F ∧ · · · ∧ F (2n factors) is up to a constant scalar
volume form onFP (p,q).

Hence, for any fixed sections, there is constantλ, such that

∗F([x]) = λF ∧ · · · ∧ F︸ ︷︷ ︸
(nd/2)−1

.

We use the Bianchi identity to see that D∗
sΩs = 0. �

We remark thatU
C̃
(0, n+1) is isomorphic toGL(n+1,R) (see [2]). Moreover,Sp

H̃
(0, n) =

Sp(n,R) andGln(H̃) = Gl2n(R).

5. Local representation of connection

We now construct local representatives of the connectionω, and show that in some
low-dimensional cases, these correspond to the solutions of Maxwell and Yang–Mills equa-
tions. Let

Uk := {(x1 : · · · : xn+1) ∈ FP (p,q)|xk �= 0}, k = 1, . . . , n+ 1

be the standard chart ofFP (p,q). On

π−1(Uk) = {(x1, . . . , xn+1) ∈ S ⊂ F
p,q+1|xk �= 0},

we introduce local trivializationstk of our generalized Hopf bundle, given by

tk := (π, ϕk) : π−1(Uk)→ Uk × F1,

where

ϕk(x1, . . . , xn+1) := xk

|xk| ∈ F1.

We may represent a point [x] = (x1 : · · · : xn+1) ∈ FP (p,q) in a chartUn+1 in the form

ξ = (ξ1, . . . , ξn) =
(
x1

xn+1
, . . . ,

xn

xn+1

)
∈ F

p,q,

so

t−1
k (ξ,m) =

(
ξξ−1
k |ξk|m√
1 + |ξ |2

,
ξ−1
k |ξk|m√
1 + |ξ |2

)
.
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We define local sectionssk : Un+1 ∩ Uk → π−1(Uk) by setting

sk(ξ) := t−1
k (ξ,1).

By direct calculation, we find a local representative of the connectionω

ωn+1(ξ)Y := s∗n+1ω = ξ̄Y − Ȳ ξ
2(1 + |ξ |2) ,

whereY ∈ TξFp,q is representative of a vector tangent toFP (p,q) and the following notation
is used

ξ̄Y = ξ̄1Y1 · · · ξ̄nYn.
Noticing thatγ = γk(n+1) = ξk/|ξk| is the transition function, from sectionsk, to section
sn+1, we have

ωk(ξ)(Y ) := s∗k ω = γ−1 dγ + γ−1ωn+1γ = ξ Ȳ − Y ξ̄
2|ξ |2(1 + |ξ |2) .

In case of positive signatureF = C, p = 0, q = 1, these are Maxwell solutions, while in
case ofF = H, p = 0, q = 1, these are Yang–Mills solutions which are usually written
using Pauli matrices.
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